Exercises on Chapters 10-12

Lisbon, 2010

1. Let IV be a scalar Wiener process under P. Consider a market con-
sisting of two assets with prices S} and 57 as well as a bank account
with constant short rate ». Assume that the model for this market has
the form

dS; = «1Sidt+o1StdW;
dS? = apSidt+ 0957dW,
dBf = T‘det
(a) Discuss informally absence of arbitrage and completeness in this
model, using the Meta Theorem.

(b) Use the martingale approach to provide precise conditions for ab-
sence of arbitrage and completeness in the model.

2. Consider a filtered probability space (2, F, P,F) and, apart from the
measure P also a measure ) ~ P. Define the likelihood process

dQ

dpP’

Let X be an adapted process. Prove that X is a Q-martingale if and

only if LX is a P-martingale.

I — onF, 0<t<T

3. Let D be a stochastic discount factor for a ﬁnancial market. Prove
that the process
D11

is a P-martingale for every price process IL.
4. Consider the following SDE.
dX: = af(Xy)dt+ o(X.)dWr,
X = Lo
Here f and o are known functions, whereas « is an unknown param-

eter. We assume that the SDE possesses a unique solution for every
fixed choice of a.

Construct a dynamical statistical model for this problem and compute
the ML estimator process é&; for «, based upon observations of X.



5. Consider a financial market consisting of an arbitrary number of assets
as well as a bank account constant short rate r. Now consider a fixed
price process S; with P-dynamics

dS = auSidt + SyodWy.
We furthermore consider a T-claim Y of the form
Y=8:-X
where X is a random variable in Frp.

The standard risk neutral valuation formula looks like
o [v] = B2 |7 TSr - X]|
(a) Prove that
E<

T ST] L

So

(b) Define the random variable L by

e=T Sp
So

Since Ly > 0 and E9 [LT] = 1 we may use L7 as a Radon-
Nikodym derivative and define a new measure Q° by

dQ° = LrdQ, on Fr

Write down a pricing formula for IIp [Y] using the new measure

Lt =

Q°.
(c) Define the process L; by
d )
Ltzd%, onF, 0<¢t<T

Derive a formula for L; and prove that L has Q-dynamics
dLy 2Ly d W2
where W& is Q-Wiener. ~? ;
Hint:Use the fact that L is a Q-martingale (why?).
(d) Write down a pricing formula for II; [Y] using the Q° measure.

(e) Let A; be a price process for a non dividend paying asset. Prove

that the process
Ae

S

is a Q° martingale.



Mathematical Finance

November 24, 2012

All notation must be clear. Arguments should be complete.

1. Consider a standard Black-Scholes model

dSt = @Stdt'i‘JSth/VL,
dBt — ‘T‘Btdt

and a simple T-claim X of the form
X = ®(57)

Show that it is possible to replicate the claim by a portfolio based on
B and S. Also derive an expression for the replicating portfolio.

. Consider a financial market consisting of a non dividend paying stock .
with price process 5; and a bank account B;. We consider a fixed risk
neutral martingale measure ( and use the notation

aQ
Li=.——, -onFs
t= op t
Let @° denote the martingale measure for the numeraire S and let
L%denote the likelihood process

e 90
i dQ 2

Your task is to derive an expression for the process Ly .

on F;.

. Let the stock prices S} and S be given as the solutions to the following
system of SDE:s.

dS1 = aSidt 4+ 65:dW, 51(0) = sq,

ng = .QSth o+ ’“)‘SQG”/, 52(0) = 89,
The Wiener processes W and V are assumed to be independent. The

parameters o, §, v, 3 are assumed to be known and constant. Your
task is to price a minimum option. This T-claim is defined by

X = min [Sl(T), SQ(T)]



The pricing function for a European call option in the Black-Scholes
model is assumed to be known, and is denoted by c(s,t; K, o,r,T)
where o is the volatility, K is the strike price and r is the short rate.
You are allowed to express your answer in terms of this function, with
properly derived values for K, ¢ and 7.

. Consider the problem to maximize

T
E U F(Xs,us)ds + F(X7)
0

given the controlled diffusion
dXy = p( Xy, w)dt + o( Xy, ug)dWy

The state X and the control u are scalar and there are no constraints
on u apart from the fact that we restrict ourselves to feedback controls
of the form w(t, Xy).

Derive the Hamilton-Jacobi-Bellman equation for this problem.



Mathematical Finance
November 15, 2011

All notation must be clear. Arguments should be complete.

1. Consider a standard Black-Scholes model

C.,?St = OfStdﬁ*FO’Sth/Vt,
db; = 7Bt

and a simple T-claim X of the form
X =®(57)

derive the Black-Scholes pricing PDE, including boundary condition,
for the claim.

2. Consider again standard Black-Sholes model as above. Your task is
to compute the price process II (¢; X) of an asset-or-noting opticn.
This T-claim is defined by

X=8r I{S > K},

where I denotes the indicator. In words: If the stock price ends up
above the strike I you get the value of the stock, otherwise you get
nothing.

3. Consider a model for two countries. We then have a domestic market
(Austria) and a foreign market (Japan). The domestic and foreign
interest rates, ry and 7 #» are assumed to be given real numbers. Con-
sequently, the domestic and foreign savings accounts satisfy

Btd — e’rdt’ Btf _— erft,

where B% and Bf are denominated in units of domestic and foreign
currency, respectively. The exchange rate process X , which is used to
convert foreign payoffs into domestic currency (the "Euro/Yen”-rate),
is modelled by the following stochastic differential equation under the
objective measure P

d.Xt = ,LLXtdt -+ O’Xth_Vt,



4

where ;4 and o are assumed to be constants and W is a P-Wiener
process.

A domestic martingale measure, (%, is a measure which is equivalent
to the objective measure P and which makes all a priori given price
process, expressed in units of domestic currency and discounted using
the domestic risk-free rate, martingales. We assume that if you buy
the foreign currency this is immediately invested in a foreign bank
account. All markets are assumed to be frictionless.

(a) Derive the Q% dynamics of X.

(b) Now take the viewpoint of a foreign-based investor, that is an
_investor who consistentl;} denominates her profits and losses in
units of foreign currency. A foreign martingale measure, Q1 is
a measure which is equivalent to the objective measure P and
which makes all a priori given price process, expressed in units of
foreign currency and discounted using the foreign risk-free rate,
martingales.

Find the Girsanov transformation between Q% and QY.

(¢) The domestic (foreign) market is said to be risk neutral if the
domestic (foreign) martingale measure is equal to the objective
measure P. Under which conditions are both markets risk neu-
tral?

. Consider the problem to maximize

i i3
E U F(Xs,us)ds + F(X7)
0

given the controlled diffusion
dXt - ,L_f.(JYt, Ug)dt —+ O'(Xﬁ, ut)th

(a) Write down the HJB equation for this problem (you do not have
to derive it).

(b) Define, for each feedback control law u the process C}' by
t
Cp = [ FOX2 u)ds + V(1 XE).
0

where V is the optimal value function for the stochastic control
problem, XY is the process generated by the control u, and u; is



Stochastic Finance

in Discrete and Continuous Time
Master in Mathematical Finance

November 22, 2010

Reply each question is a separate sheet. Identify each sheet with your name
and number.

You must reply in English to the questions of the Continuous Time Finance
section, but you are allowed to reply in Portuguese to the Discrete Time
Finance section.

All notation must be clear. Arguments should be complete.

A. Continuous Time Finance (2h)

1. Consider a standard Black-Sholes model

dS; = aSidi+ o8:dWy,
dBt = T‘Btd?f

where W is P-Wiener. The short rate r is assumed to be constant.
Derive the Black-Scholes PDE for the pricing of a T-claim of the form
O(Sp).

2. Consider a financial market consisting of a non dividend paying stock
with price process Sy and a bank account B;. We consider a fixed risk
neutral martingale measure ) and use the notation

.. 4

Ly = — :
t= p on F3

Let Q° denote the martingale measure for the numeraire S and let
L%denote the likelihood process

d 5
Byt
dQ

Your task is to derive an expression for the process L.

on Fi.



"3, Consider a standard Black Scholes model of the form

“(a)

o

e

dSt = ,uStdt . O'Stde,

dB, = rBdt
Can the process Y, defined (for all ¢ > 0) by,
1
Y=<,
t= 3,

be the arbitrage free price of a traded derivative (without divi-
dends) in this model? You need to give an answer and a good
argument.

Consider a fixed exercise date T, and define the contingent T-

claim X by
1
X=——
St
Derive an expression for the arbitrage free price process II; [X]
for this claim.

4. Consider the problem to maximize

q
E [ f F(Xs, uo)ds + F(Xr)
0

given the controlled diffusion

(@
s

dXt = ,LL(Xt, ut)dt + G’(Xt, Ut)th

Write down the HJB equation for this problem (you do not have
to derive it).

Define, for each feedback control law u the process C}* by
t
G = [ FOC, w)ds + V(6 XP).
0

where V is the optimal value function for the stochastic control
problem, X" is the process generated by the control u, and u, is
shorthand for u(s, X}*). Prove that C" is a supermartingale for
every control law u , and that C% is a martingale, where 11 is the
optimal control.

Hint: If a process Y has a stochastic differential of the form

d}/t = Cl{tdt + ﬁtth,

then Y is a supermartingale if and only if oy < 0 for all ¢ with
probability one. You may use this result without proof.



B. Discrete Time Finance (0.5h)

1

(a)

Consider a derivative security that permits its owner to sell one
share of stock for payment K at any time up to and including
N, but if the owner does not sell by time N then she must do so
at time N. Show that the optimal exercise policy is to sell the
stock at time zero and that the value of this derivative security
is K — Sp. (Assume 7 > 0.)

Explain why a portfolio that holds the derivative security in (a)
and a Buropean call with strike K and expiration N is at least
as value as an American put struck at K with expiration time V.
Denote the time-zero value of the European call by T/bEC and the
time-zero value of the American put by Vg, Conclude that the
upper bound V§** < K — Sy + VEC on VAF holds.

2. Consider a stopping time 7. Show that in discrete time you can replace

{r <t} e F, for allt > 0 by {r =1t} € F, for alit > 0.

3. Consider the following problem: maxp<.<7 F [Z;]. The optimal value

process V' is the solution of the following backward recursion

Vi = miax{Zn; BV Fal}
Vr = Zr.

Prove that the optimal value process V is the snell envelope of the
payout process 4.



Stochastic Finance
December 15, 2009

Reply each question is a separate sheet. Identify each sheet with your name
and number. You must reply in English to the questions of the Continuous
Time Finance section.

All notation must be clear. Arguments should be complete,

A. Continuous Time Finance (2h)

1. Consider the following boundary value problem in the domain [0, TIxR
for an unknown function F(t, z). ‘

oF oF 14 *F
E’_(t’ .’E) + pa(t, :E) E;U—(t, ‘1’) 7+ 50‘ (t, I)-a—:;é-(t, .'L') A= k(t, I) = 0,
F(T,z) = ®(z).
Here y, o, k and ® are assumed to be known functions.
\/(a) Derive a Feynman-Kag representation for this problem. In this

formula it must be quite clear exactly at which points the various
functions should be evaluated.! ............................ [2v]

" (b) Solve explicitly the following concrete problem
OF = OF 1 , ,0°F

ot~ + o'z — = 0,

ot 8z 2 Oz
F(T,z}) = In(z?).

2. Let the stock prices S; and S5 be given as the solutions to the following
system of SDE:s,
dS; = aSdt+ 851dW, 31(0) = 8,
dS, BSadt + vS2dV, S3(0) = &s,

The Wiener processes W and V are assumed to be independent. The
parameters o, 4, v, § are assumed to be known and constant.

'1f you think this problem is hard you may (with loss of 1v) assume that k(t, z) = 0.

1



(a) What are the dynamics of both $; and S, under the risk neutral

/0)

(c)

(d)

17 R P [0.5v]
What are the dynamics of Z; = g: under the Q%2 measure?

Q%2 here denotes the EMM where the price process S, is the
BUINETBINE, . 2.0 0 s amncnroimimcnmcs wnd y o6 A 8 B SR SRR aommmmcn [0.5v]

Derive an expression for the likelihood process
S2

L
aQ

with @5 88 in (b). ..iviniiitii e [2v]

Your task now is to price a minimum option:' This T-claim is
defined by

on F; ,

X = min [$(T), So(T))

The pricing function for a European call option in the Black-
Scholes model is assumed to be known. That is, you are allowed
to express your answer in terms of this function, with properly
derived values for K, o and 7....coviiiiininniiiiieennninnnns (3v]

Consider the problem to maximize

T
E [ f F(Xs, ua)ds + F(XT)J
0

given the controlled diffusion
dX; = ,(,L(Xt, ut)dt + U(Xt'l 'Ut)dVVt

The state X and the control u are scalar and there are no con-
straints on u apart from the fact that we restrict ourselves to
feedback controls of the form u(t, X;). Derive the Hamilton-
Jacobi-Bellman equation for this problem................... (3v]

Consider now a standard Black-Sholes model
dS; = aSdt + oS8 dW;,
dB; = rBdt.
and denote by X the value of a self-financing portfolio.
Find the optimal investment profile which maximizes the log util-

ity
E[lnXr] .

Interpret and intuitively explain the result.................. [2v]



B. Discrete Time Finance (0.5h)

1. Consider the time interval [0, 7] which is divided into n sub-periods of
time of equal length. In this framework consider the binomial model
where j is the number of upwards and n — J the number of downwards.
In order to get the Black-Scholes model from the binomial model, it is
assumed that U = e"\/‘_/;, D =eoVtn gnq g=1+ %E\/% When
n ~ o0, what is the limit of the instantaneous rate of return of the
stock? Please interpret the assumptions on U and D as well as your

result on the Hmit................oooooiiiiin (1.5v]

2. Consider a two period binomial model where the initial price of the
stock is Sp = 100. In each period the price can increase 30%, 20% or
decrease 5%. There is a risk-free asset that pays 10%. In this market
there exists an European put option and an American put option, both
with a maturity of two periods and exercise price 100. ... ... ... .. [2v]

(a) Establish the range of variation for the value of the European call
option (at ¢ = 0) that is compatible with the absence of arbitrage
opportunities.

(b) What can you say about the optimal exercise policy of the Amer-
ican put option at ¢ = 1? Suppose now that the American put
option was not exercised at time ¢ = 1. Please establish the range
of variation for its value (at ¢t = 0) that is compatible with the
absence of arbitrage opportunities.

3. Consider a binomial model satisfying the no-arbitrage conditions. There
exists an American derivative that can be exercised until time N. If
is is exercised at time n (n =0, 1, ..., N} it pays Gy.. The price process
Vn for this contract by the risk-neutral pricing formula is given by

1
Vo = Hx [(_I-Tf-_r)T_—ﬂGT 1-<N] y n=0,1,.., N,
where S, denotes the set of all stopping times 7 that takes values in

the set {n,n+1,..., N, 00}. Show that the discounted process ﬁ;‘ifn
i8 & supermAartingale. ......iiiiieiiiiiiiiieinniien, [1.5v]



..........................................................................

Black-Scholes formula:

F(t,s) = sN [di(t,8)] — e "T-OK N [dy(t, 5)] .

Here N is the cumulative distribution function for the N [0, 1] distribution
and

di(t,s) = ;\/% {ln (%) ¢ (r-i- 502) (Tmt)},
da{t,s) = di(t,8) —ovT —t.

..........................................................................
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Stochastic Finance
in Discrete and Continuous Time
Tomas Bjork
27 June 2008

Answer each question separately. Arguments should be clear and complete.
Notation should be clearly defined.

I Discrete Time Stochastic Finance

\/ Exercise 1 Consider a multiperiod binomial model.

A /Show that this model s arbitrage free if and only if D < 1+ 7 < U,

- Show that the set of risk neutral probability measures (denoted Q) is
a singleton and is given by gy = 1§52 anqu=£5§_%-"'l

\?{ Consider now a two period binomial model where the initial price of
the stock is Sp = 100, U = 1.2, D = 0.9 and r = 10%.

\(}6 Find the arbitrage free value (at ¢ = 0 and ¢ = 1) of a European
put option with exercise price 110 and maturity two periods.

Consider now an American put option with the same exercise
price and maturity of the European one. Please find the arbitrage
free value of the American put at ¢ = 0 and ¢ = 1. Is this process
a Q martingale? Which kind of process is it?

II Continuous Time Stochastic Finance
Era® 3 M Jon dag
Exer}:é 2 Consider a standard Black-Scholes model

dS; = aSdt+ oSidWs,
dB; = rB.dt

Derive the Black-Scholes PDE for the pricing function P(t, s) for a contin-
gent claim X of the form X = &(S7).



Curie 5 0 2006

il
/Exercise 3 Derive a formula for the futures price process F(¢,T) for a
contingent claim X to be delivered at T

Exercise 4 Consider a two-country economy (domestic and foreign) with
exchange rate X quoted as
domestic
foreign
We assume that X has P-dynamics given by
dX: = o Xedt + 00 X dWr,

where W is a d-dimensional P-Wiener process. Here a and o are adapted
processes and o i8 d-dimensional row vector process. The filtration is the
one generated by the Wiener process W. We assume that the domestic and
the foreign short rates r¢ and r/ are constant and deterministic, .and the
bank accounts are denoted by Bf and B9,

Denote the foreign and the domestic martingale measures (with the respec-

tive bank accounts as numeraires) by Q¢ and @/ respectively.

Now define the following likelihood processes

dQ’f

dpP’
¢ _ 99

L dP’

dQf

Qe

& 5 of

X=

on F;
on %,
L =

on F;

a. Derive an expression for L.
. Derive the Q¢ dynanmics-for X,
. Assume that L? and Lf have P-dynamics of the form

i = L (ef) am
tf = Ll () aw

A~
|

where * denotes transpose. Derive a relation between o, ¢ and ga{ ;



III Optimal Stopping

/ Exercise § John wants to sell his house. We denote by X; the price at time
t of a John’s house and assume it varies according to a stochastic differential

equation:
dXt = rXtdt + aXtth

W is a one-dimensional Wiener process and r and o are known constants.Let
C be the flat tax connected with the sale of the house. Thus, John is trying
to maximize the net obtained form the sale of the house

e P (Xt - G)

where p is the discounting factor. We assume John is a patient men and
p < r. Solve the optimal stopping problem

max E9 67" (X, - C)

and explain when should John sell his house.

..........................................................................

Black-Scholes formula:

F(t,s) = sN [di(t,8)] — e "TKN [dy(t, 5)] .

Here N is the cumulative distribution function for the N [0, 1] distribution
and

diltia) = ;\7217_:5 {ln (%) + (r+ %02) (T - t)},
da(t,8) = di(t,s) —oVT —1.

..........................................................................

Good Luck!



Continuous Time Finance

Test examples
Lisbon 2008

‘/1. Assume that the stock price is assumed to follow standard GBM
g5 = afdt + oS dWy,

and the shart rate r is assumed to be constant. Consider a derivative
security which at time 7" pays the amount g-. Compnte the arhitrage
free price process I {E X).

/" 2. Recall that a forward contract on X contracted at time ¢, with time

of delivery 7', and with the forward price f(£T, X) can be seen as a
contingent T-claim X with payoff

Z=X-fKT,X),

where the forward price is defermined «af time 1 in such a way that the
price of Z is zero at time ¢, ie. Ik Z) = 0.

uf(a.} Derive a general formiala for the forward price f(1; 7, X).

/ (b) Now assnme that & stock price § is given by the Black-Scholes
model and let X be givwen by X = &p. Compute the forward
price f{t; T, Sr) assuming the Black-Scholes modsl for S

/ (c) A break forward contract is a T-claim designed to limit the poten-
tial loss of & long position in & forward contract by a prespecified
amount. More specifically the payoff X from a long pesition in a
break forward is defined by

X = max{8Sp, f(; T, Sr)} — K,

where f(0;7,.57) is the forward price of the stock for settlement
at time T, and K > f(0;T,5r) is some constant. The delivery
price K is set in such a way that the break forward coutract is
worthless when it is entered into.

Compate the delivery price K.

1



g

L ¥

/
3. Specify the assumptions in the Black-Scholes model, and derive the

Black-Scholes psartial differential equation for the price of a simple
claim of the form X = ®{8r).

. Consider the following model for two stock prices (withaut dividends)

8 = ey Sdl + 510:dW,
S = oggSudt + Sqondiv.

Here m; and ag are known real nurabers, whereas 07 and o5 are two-
dimensional constant tow vectors., W is a standsrd two dimensional
Wiener process. The short rate is sssumed o be constant. The models
is asgumed to be arbitrage free. Cousider the T-claim X defined by
the following poirts:
« X is specified in terms of the underlying stocks , & strike price
K, and an exercise date T
o The holder of the claim will obtain nothing if S(T) < K.
s If §o(T) > K then the holder of the claim will obtain So(T) ~ K
shares (i.e. upits) of asset Mo 1.

Compute the price TE(#: X).



Stochastic Finance
in Discrete and Continuous Time
Tomas Bjork
11 June 2008

Answer each question separately. Arguments should be clear and complete.
Notation should be clearly defined.

I Discrete Time Stochastic Finance

\/ Exercise 1 Consider a one period model with three assets: a stock, a call

option and a riskless asset. At moment ¢ = 0 the price of the stock is 100 |
and at moment ¢ = 1 the stock can take three possible values: 100, 130 and
140. The call option has an exercise price of 110 and maturity of one period.

§
\z( Establish the range of variation for the risk-fre?frate that is compatible
with the absence of arbitrage opportunities.

l:/ Consider that the risk-free rate is 20%. Find the set of risk neu-
tral probability measures (denoted Q) and establish the arbitrage free
range of variation for the value of the call option.

II Continuous Time Stochastic Finance
Exarag 2 overrker 205
Exeix"/ciée 2 Consider a standard Black-Scholes model for the stock
dS; = aSidt + oS dWr,
where W is P-Wiener. The short rate r is assumed to be constant.

Your task is to compute the price process II(t; X) of an asset-or-noting
option. This T-claim is defined by

X =8r-1{Sp > K},

where I denotes the indicator. In words: If the stock price ends up above
the strike K you get the value of the stock, otherwise you get nothing.
Hint: Change of numeraire is one possibility.

1



Exercise 3 Consider a standard Black-Scholes model

dS: = aSidt+ oS dWe,
dB{; = ‘J"Btdt

Prove that every T-claim X claim of the form X = ®(S7) can be replicated.

" Exercise 4 Consider a non dividend paying asset with P-dynamics given

by
dSt = CttStdt + O'tStth,

where W is a d-dimensional P-Wiener process. Here o and o are adapted
processes and o is d-dimensional row vector process. The filtration is the
one generated by the Wiener process W. Consider a risk neutral martingale
measure @ with the bank account B as the numeraire. Now we want to
change numeraire from B to S.

a. Derive an expression for the likelihood process

_ dQs
=5
where Q° is the EMM for the asset S.

L; on F;

'/b. Suppose furthermore that there is a process X with Q-dynamics
dX; = pedt + 1 dWE,

where W9 is Q-Wiener. What will the Q5 dynamics for X look like?

IIT Optimal Stopping

Exercise 5

a. Define an optimal stopping time 7. Prove that, in discrete time, you
can replace the standard condition with

{r=n} e F,.

This does not happen in continuous time. Why?

2



b. We bought an American call written on a foreign stock S7, struck in
domestic currency. The Q-dynamics of the foreign stock are given by

ds{ = rySlat + oSfaw/!
and the exchange rate dynamics are given by:
dXy = Xi(rq — ¢ )dt + XioxdWy

Hence, the price of the foreign American call struck in domestic cur-
rency is given by:

max EC[e™"" max{X,S, — K,0}]

What can you say about the price of the call? Explain.

..........................................................................

Black-Scholes formula:

F(t,s) = sN [di(t,s)] — e "T=IKN [dy(t, 5)] .

Here NN is the cumulative distribution function for the N [0, 1] distribution
and

di(t,5) = F;ﬂ_:{ln(%)ﬁ*(?‘i-%gz)(ﬂ“—ﬂ},
da(t,s) = d1(t,s)—0'\/T_-t.

..........................................................................

Good Luck!
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Stochastic Finance
November 10, 2009

Reply each question is a separate sheet. Identify each sheet with your name
and number. You must reply in English to the questions of the Continuous
Time Finance section.

All notation must be clear. Arguments should be complete.

A. Continuous Time Finance (2h)
4 1. Solve the boundary value problem

OF 1 ,8F
a—(t,x)-{-é—a’w(t,z) = 0,
F(T,z) = z?-z.

Here o is a known constant. You may use the Feynman-Kat Repre-
sentation Theorem without proving it............................ [3v]

/2:/ Counsider a standard Black-sholes model for the stock
" dS; = aSidt + 0 SudWe,

where W is P-Wiener. The short rate r is assumed to be constant,
Your task is to compute the price process II(t; X) of an asset-or-
noting option. This T-claim is defined by

-X=ST'I{ST2K}:

where I denotes the indicator.
In words: If the stock price ends up above the strike K you get the
value of the stock, otherwise you get nothing..................... [4v]

3. Let W be a standard Wiener process on (9, F, F, Py) where the filtra-
tion is the one generated by W. Fix a time interval [0, T). Under the
measure Fy, the process X has the dynamics

dxt = O'\/rtdm,
where ¢ is a known constant.

- - L. | ]
Y e 8 t i
Y wo Ok - | 1



(a) Define, for each real number o, a Girsanov transformation such
that the measure F, is transformed into a measure P,, such that
X under P, solves the equation

dX = aXdt + oV XdW®,

where W is a P,-Wiener process. Define the corresponding like-
lihood process L§, where

dP,
Lt = ﬁ, on f te
Your task is to give a precise description of this measure trans-
./  formation by specifying the dynamics of L{................. [2v]

(b} Determine, for every t < T, the maximum likelihood estimator
&(t) for the parameter o, based on observations of X over the
interval [0, ], i.e. the value of o that maximizes Lg. Note that
the answer shall be expressed in terms of the process X, and
simplified as far as possible. .................cooiiiiiin, [2v]

4. Consider the problem of maximizing logarithmic utility
T
B [ fo & In(c)dt + K. m(xT)]

given the usual wealth dynamics
dX; = (ulr + ua) Xudt — cudt +ulo X,dW,
with r, o, o constant and the usual control constraints

20, Vt>0
uwtul =1, Vt>0.

4
of (a) Write down the Hamilton-Jacobi-Bellman equation for this prob-
lem and derive its first order conditions. ................... [2v]

v/ (b) Show that a value function of the from
| V(t,x) = e~ [h(t) In(z) + g(t)

solves the problem and derive the system of ODEs the determin-
istic functions h and g must satisfy. ....................... [2v]



B. Discrete Time Finance (0.5h)

1. Consider a two period binomial model where the initial price of the
stock is Sp = 100, U = 1.5 and D = 1.1. In this market there exists
an American put option with a maturity of two periods and exercise
BIREE T et sscmsmarcn s BN S sb omermmsse svi [3v)

(a) Consider that there is a risk-free rate of 20%.

i. Please find the arbitrage free value (at ¢ = 0 and ¢t = 1) of the
American put option. Describe the optimal exercise policy.
ii. Compare the American put option value with the one of an
European put option with the same maturity and exercise
price. T
iii. Is the discounted value of an American put option a Q-
martingale? And the stopped process according the the op-
timal exercise policy? L o
(b) Concerning the interest rate, consider that.in the first period it
is 20% and while in the second period depends on the state of

the nature. If the price of the stock goes up the interest rate in = =

20%; if the price of the stock goes down the interest rate is 30%.
Is this market complete? And arbitrage-free?

2. Consider the following problem: maxo< <7 £ [Z,]. The optimal value
process V' is the solution of the following backward recursion

Vo = max{Z,, E[Va|F]}
Vr = Zr.

Prove that the optimal value process V is the snell envelope of the
i e L R —————— (2v]



..........................................................................

Black-Scholes formula:

F(t,8) = sN [d1(t, 8)] — e "T-DKN [dy(t, 9)].
Here N is the cumulative distribution function for the N [0, 1] distribution
and -
Eilbg) = {ln (f») & (r+ 102) (T - i)} ,
o fT — t K 2 b, . '
dy(t,8) = di(t,8) —oyT —t.
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- B ¥



